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§1. Introduction 

We establish a duality relation (Theorem 4.2) between one of the twisted group 
algebras, of the hyperoctahedral group Hk (or the Weyl group of type Bk) and a 
Lie superalgebra q(no) ® q(ni) for any integers k > 4 and no, n\ > 1. Here q(no) 
and q(ni) denote the "queer" Liesuperalgebras as called by some authors. The 
twisted group algebra B' k in focus in this paper belongs to a different cocycle from 
the one Bk used by A. N. Sergeev in his work [8] on a duality with q(ra) and by the 
present author in a previous work [11]. This B' k contains the twisted group algebra 
Ak of the symmetric group &k in a straightforward manner (§1. 1. 1), and has a 
structure similar to the semidirect product of Ak and C[(Z/2Z) fc ]. (B' k and Bk were 
denoted by C^~ 1,+1,+1 ^Wk and C^ +1 ' +1 ~^Wk respectively by J. R. Stembridge in 
[10].) 

In §2, we construct the ^-graded simple /^-modules (where Z 2 = Z/2Z) using 
an analogue of the little group method. These simple B' k modules are slightly 
different from the non-graded simple /^-modules constructed by Stembridge in 
[10] because of the difference between Z 2 -graded and non-graded theories, but they 
can easily be translated into each other. We will use the algebra Ck®B' k , where Ck is 
the 2 fe -dimensional Clifford algebra (cf. (3.2)) and i8> denotes the Z 2 -graded tensor 
product (cf. [1], [2], [11, §1]), as an intermediary for establishing our duality, as we 
explain below. The construction of the simple i^-modules leads to a construction 
of the simple Ck ® £>J— modules in §3. 

In §4, we define a representation of Ck <8> B' k in the fc-fold tensor product W = 
y®k Q £ y _ (£n +ni (£n +ni ^ foe space of the natural representation of the Lie 
superalgebra q(no + rti). This representation of Ck <X> B' k depends on no and n\, 
not just tiq + n\. Note that Bk can be regarded as a subalgebra of Ck <8> B k , since 
Bk is isomorphic to Ck ® Ak by our previous result (cf. (3.3) of [11]). Under this 
embedding, our representation of Cy. ® B' k restricts to the representation of B k in 
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W defined by Sergeev (cf . Theorem A) . We show that the centralizer of Ck <8> B' k in 
End(H^) is generated by the action of the Lie superalgebra q(no) © (\( n i) (Theorem 
4.1). Moreover we show that B' k and q(n ) © q(ni) act on a subspace W of "as 
mutual centralizers of each other" (Theorem 4.2). Note that Ak and q(n) act on 
the same space W "as mutual centralizers of each other" (cf. Theorem B). 

In Appendix, we include short explanations of some known reults, which we use 
in the previous sections. 

In this paper, all vector spaces, and associative algebras, and representations 
are assumed to be finite dimensional over C unless specified otherwise. The precise 
statements of the results skeched in the introduction use the formulation of Z2- 
graded representations of Z 2 -graded algebras (superalgebras) (cf. §1.1.3) as was 
used in [1] and [2]. 

1.1 Preliminaries. 

1.1.1. A twisted group algebra B' k . For any k > 1, let B' k denote the associative 
algebra generated by r' and the 7,, 1 < % < k — 1, with relations 

(1.1) 

r' 2 = 7l 2 = l (i<i<fc-i), ( 7 a,+i) 3 = i (i<*<fc-2), 

(7,7,) 2 = -1 (N - J'l > 2), (r' 7 ,) 2 = l (2<i<fc-l), 
(r' 7 i) 4 = 1. 

If k > 4, then B' k is isomorphic to a twisted group algebra of the hyperoctahedral 
group Hk with a non-trivial 2-cocycle (cf. [10, Prop. 1.1]). We regard B' k as a 
Z^-graded algebra by giving the generator r' (resp. the generator 7i, 1 < i < k — 1) 
degree (resp. degree 1). Note that this grading of B' k is different from that of Bk 
in (3.1) or in [11]. 

Let Ak denote the Z^-graded subalgebra of B' k generated by 7j, 1 < i < k — 1. 
If k > 4, then Ak is isomorphic to a twisted group algebra of the symmetric group 
&k with a non-trivial 2-cocycle, with the Z2-grading as in [2] and [11]. 

1.1.2. Partitions and symmetric functions. Let Pk denote the set of all parti- 
tions of k, and put P = ]J k>0 Pk- For A G P, we write /(A) for the length of A, 
namely the number of non-zero parts of A. Also we write |A| = k if A € Pk- Let 
DPk and OPk denote the distinct partitions (or strict partitions, namely partitions 
whose parts are distinct) and the odd partitions (namely partitions whose parts 
are all odd) of k respectively. Let DP k and DP k be the sets of all A G DPk 
such that (-l) fc_i ( A ) = +1 and -1 respectively. Note that (-l) fc ~'( A ) equals the 
signature of permutations with cycle type A. We also put DP = U fc>0 DPk and 
OP = U k >o 0p k- Let ( Dp2 )k (resp. {OP 2 ) k ) denote the set of all (A,/i) G DP 2 
(resp. OP 2 ) such that |A| + \n\ = k. Let (DP 2 ) k and (DP 2 )~ be the sets of all 
(A,//) G (DP 2 ) k such that (-l) fc -HAMO) = + i anc i _i respectively. 

Let A x denote the ring of the symmetric functions in infinitely many variables 
x = {xi,X2,...} with coefficients in C; namely our A^ is the scalar extension of 
the A x in [6], which is Z-algebra, to C. 
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Let Q x denote the subring of generated by the power sums of odd degrees, 
namely the p r (x), r = 1, 3, 5, . . . . Then {p\(x) | A G OP} is a basis of £l x , where 
px = Y\ i>1 Px i - For A G DP, let Qa(x) G denote Schur's Q-function indexed by 
A (cf. [7]7 [9, §6]). Then {Q A (x) | A G DP} is also a basis of Sl x . 

1.1.3. Semisimple super algebras. This theory was developed by T. Jozefiak in 
[1], which we mostly follow. A Z 2 -graded algebra A, which is called a superalgebra 
in this paper, is called simple if it does not have non-trivial Z2-graded two-sided 
ideals. If A is a simple superalgebra, then it is either isomorphic to M(m, n) 
(denoted by M{m\n) in [2]) for some m and n, or isomorphic to Q(n) for some n 
(sec [2], [13, §1] for the definitions of simple superalgebras M(m,n). Q(n)). 

Let V be an ^4-module, namely a Z 2 -graded vector space V = Vo © V\ together 
with a representation p: A — > End(y) satisfying p(A a )Vp C V a +p (a, (3 G Z 2 ). We 
simply write p(a)w = av for a G A and w G V. By an A-submodule of V we mean a 
Z 2 -graded p(A)-stable subspace of V. We say that V is simple if it does not have 
non-trivial ^4-submodules. 

Let V and W be two A- modules. Let Hom^(V, W) (a G Z 2 ) denote the subspace 
of Hom Q (V, W) = {/ G Hom(V,W); /(Va) C W a+f3 } consisting of all elements 
/ G Hom a (y, W) such that f(av) = {-\) a ^af{v) for a G ^ (/? G Z 2 ), u G V. Put 
Hom A (y,VF) = Hom^(V,W) ©Hom\(F,W) and put End A (F) = Hom A (y,y). 
We call End A (l/) the supercentralizer of A in End(F). Two A- modules V and 
VF are called isomorphic if there exists an invertible linear map / G Hom^(l/, W). 
If this is the case, we write V =a W (or simply write V = W). If V and W are 
simple ^4-modules, then V = W if and only if there exists an invertible element in 
Hom^(V, W) or Hom A (V, W). Note that, in [11] we distinguished between V and 
the shift of V which is defined to be the same vector space as V with the switched 
grading. In this paper, however, we identify V and the shift of V. 

If V is a simple A-module, then End^(F) is isomorphic to either M(l, 0) = C or 
Q(l) ^ d (cf. [1, Prop. 2.17], [2, Prop. 2.5, Cor. 2.6]). In the former (resp. latter) 
case, we say that V is of type M (resp. of type Q). This gives the following 
theorem (see [1], [2], [11, §1] for the definition of the "supertensor product" of the 
superalgebras or modules). 

Theorem 1.1. Let C = A® B be the supertensor product of superalgebras A and 
B and let V = U (g> W be the supertensor product of a simple A-module U and a 
simple B -module W. 

(a) IfU, W are of type M, then V is a simple C -module of type M . 

(b) // one of U and W is of type M and the other is of type Q, then V is a 
simple C -module of type Q. 

(c) // U and W are of type Q, then V is a sum of two copies of a simple 
C -module X of type M: V = X © X. 

Moreover, the above construction gives all simple A <S> B-modules. 

Using the above U, W, V and X, define an A (8> B-module U 6 W by 



(1.2) U6W 



V if U or W is of type M, 
X if U and W are of type Q. 
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Let Irr A denote the set of all isomorphism classes of simple ^4-modules for any 
superalgebra A. 

Corollary 1.2. We have a bijection 

o: Irr A x Ivr B B (U,W) ^ Uo We IvvA^B. 

§2. Simple modules for B' k 

The simple „4fc-modules are parametrized by DP k (cf. [2], [7], [9]). For A G DP k , 
let V\ denote a simple ^-module indexed by A. Then V\ is of type M (resp. 
of type Q) if A G -D-P^" (resp. A G DP k ). We construct a /^-module for 
(A,//) G (DP 2 )k as follows. Define a surjective homomorphism of superalgebras 
TT k : B' k -> .A fc (resp. tt^ : -> .A fe ) by vr fc (r') = 1, 7r fc |^ fc = id^ (resp.vr^(r') = -1, 
''"feU/c = id^ fc ). The simple Ak> (resp. „4fc_fc>)-module V\ (resp. V^) can be lifted 
to a (resp. £>£,_ fc ,)-module via ir k i (resp. 7r^._ fc ,), where k' = |A|. This (simple) 
S^., (resp. £>£_ fc ,)-module is denoted by V\,4> (resp. V^ ;M ). Let denote the 
^-module induced from the B' k , <g> £>£,_ fc ,-module 6 V^ jM , namely 

V x ,„ = B' k ® , • , (Va,0 o V^J 

fc' k — k' 

(see the definition of 6 in (1.2)), where 23^., <S> B' k _ k , is embedded into ^ via 
r'glwr', 7; ® 1 i-> 7i (1 < i < fc' - 1), 
1®t'h T ; +1 , 1 ® 7j 7fc'+j (1 < i < k ~ k> ~ 1) 

where = 7i-i7i-2 ■ ■ "Ti^Ti ■ ■ -7i-27i-i, 1 < i < k - 

Theorem 2.1. (cf. [10], Th. 7.1) {V\^ | (A,//) G {DP 2 ) k } is a complete set of the 
isomorphism classes of simple B' k -modules. V\ tll is of type M (resp. of type Q) if 
(A,/z)g(DP 2 )+ {resp. (A, fi) G (DP 2 ) k ) 

The proof is analogous to the little group method, and is omitted. It can also be 
shown that this parametrization coincides with that by Stembridge in [10, Theorem 
7.1] modulo the usual difference between Z^-graded and non-graded modules. 

If (A, fi) G (DP 2 ) k , then fix a non-zero homogeneous element of Endgj; (V\,/i) 
^ Q(l) of degree 1. 

§3. The algebras B k and C k <8> B' k 

For any k > 1, let B k denote the associative algebra generated by r and the <jj, 
1 < i < k — 1, with relations 

(3.1) 

r 2 = a 2 = l (l<i<fc-l), (a i a i+ if = l {l<i<k-2), 
(o.Oj) 2 = 1 (|t - j\ > 2), (ra,) 2 = 1 (2 < i < k - 1), 
(r^) 4 = -1. 
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We regard Bk as a superalgebra by giving the generator r' (resp. the generator cr^, 
1 < z < fc — 1) degree 1 (resp. degree 0). The subgroup of (Bk) x generated by o"j, 
I < i < k — 1, is isomorphic to the symmetric group of degree fc and it is denoted 
by © fc . 

Let Cfc denote the 2 fc -dimensional Clifford algebra, namely Ck is generated by 
£ij • • • j £fc with relations 

(3.2) e? = 1, e^i - -za (i+f) ■ 

We regard Ck as a superalgebra by giving the generator £j, 1 < i < fc, degree 1. 
Cfc is a simple superalgebra. Let Xk be a unique simple Cfc-module. If fc is even 
(resp. odd), then Xk is of type M (resp. of type Q). If fc is odd, then fix a non-zero 
element Zk of End^ fc (Xfc). 

Define a linear map d : Bk — > Cfc „4fc by 

(3.3) i?(r0 h-» C< ® 1 (!<*<*;), 

~ - ® a (i < i < k - 1) 

where r, = o"j_i • • • o\tg\ . . . Oi-\. Then # is an isomorphism of algebras (cf. [11, 
Th. 3.2]). For A G DPfc, define a fi fc -module Pv" A by W x = X k oV x . By Corollary 
1.2, {Wa I A G DPk} is a complete set of isomorphism classes of simple Sfc-modules. 

Let Bk denote the supertensor product (cf. [1], [2], [11, §1]) of the algebras Ck 
and B' k , namely Bk = Ck © B k . Since Bk = Ck Ak, Bk can be regarded as a 
subalgebra of For (A,//) G (DP 2 ) k , put = ^fc ° Va iM . By Theorem 1.1 

and (1.2), is of type M (resp. of type Q) if Z(A) + l{fj) is even (resp. odd). By 

Corollary 1.2, {W\ ttl | (A,//) G (Di- >2 ) fc } is a complete set of isomorphism classes 
of simple ^-modules. 



§4. A duality of B' k and q(n ) © q(ni) 
Let q(n) denote the Lie subsuperalgebra of g[(n,n) (denoted by l(n,n) in [5]) 
consisting of the matrices of the form ^ ^ . The Jacobi product [ , ] : q(n) X 

q(n) — > q(n) is defined by [-X",Y] = XY — (—1) X ' Y YX for homogeneous elements 
X, Y G q(n), where the symbol ~ expresses the degree of a homogeneous element. 
This Lie superalgebra is called the queer Lie superalgebra. Let U n = U (q(n)) denote 
the universal enveloping algebra of q(n), which can be regarded as a superalgebra. 
Let W denote the fc-fold supertensor product of the 2rt-dimensional natural repre- 
sentation V = Vq © Vi, dimF = (n, n), namely W = V® k , where diml/ denotes 
the pair (dim Vq, dimVi). We define a representation Q:U n ^ End(VF) by 

fc £ 
G(X)( Vl © • • • © v k ) = J2(-l) x -(~+-+~')v 1 ® ■ ■ ■ ® Xvj © • • • © v k 



for all homogeneous elements X 6 q(n) and Vi G V (1 < i < k). Note that W n is an 
infinite dimensional superalgebra. However, for a fixed number k, U n acts on W 
through its finite dimensional image in End(M^). Therefore we can use the results 
in §1.1.3 on finite dimensional superalgebras and their finite dimensional modules. 

Let no and n\ be two positive integers such that no + rt\ = n. The Lie superal- 
gebra q(n ) © q(^i) can be embedded into q(n) via 



(4.1) q(n ) © q(ni) 9 



5 A 



C D 
D C 



A B \ 

C £> 

,4 B 

C dJ 



€ q(n). 



The universal enveloping algebra of q(n ) © q(«i) is isomorphic to £/ no © W m 
which can be embedded into ZY n as a subalgebra generated by the elements of 

q(roo) © l( n i)- 

Now we define a representation Bk — ► End(W^), which depends on n and 
«i, by 



(4.2) 



* (& © l)(ui © • • • © « fc ) = © • • 

*(1 © r')(vi © • • • © = (Qv t ) © t> 2 © • • • © v k , 
V(l®j j )(v 1 <8> ■ ■ ■ <8> t>fc) 



P«j © • • • © f fc 
(1 < i < fc), 



(_1 )*>H hfj-i 



V2 



f i © • • • © {PVj) © f j+i © • • • © V k 



{-If 



V2 



-Vi 



i Vi © (PVj + l) 



'V k 



(1 < j < k - 1) 



for all homogeneous elements ^ G V, 1 < j < k, where 

-y/=ll„ 



Q 



-u„ 

/In, 



'no 







V o 









Note that, by the isomorphism B k = Ck © -4fc C Z3fc, can be regarded as a 
Z3fc-module and this ^-module was investigated by Sergeev in [8] (cf. Theorem A). 
Then observing the actions of #(r), $((7j) G B' k , 1 < % < k — 1, on W, we have 



(4.3,) 



* (#(t)) (ui © ■ ■ ■ © V k ) = (PVi) © ■ ■ ■ © v k , 

* (?%;)) («1 © ■ ■ ■ © V k ) = {-l)~~V X © • 



V i+ l © Vi © ■ ■ ■ © V k 



for all homogeneous elements Vj € V, 1 < j < k — 1. 

Let W be a £/ no © ZY ni -submodule of W. Since (q(no) © l( n i))o — flK n o 5 C) © 
g[(ni,C) as a Lie algebra, and V is a sum of two copies (Vq and Vi) of the nat- 
ural representation of Ql(n ,C) © gt(ni,C), this embeds W'|(q(no)eq(ni)) into a 
sum of tensor powers of the natural representation, so that this representation 
of g[(no,C) ©g[(ni,C) can be integrated to a polynomial representation 9w' of 
GL(no,C) x GL(rii,C). Let Ch[W] denote the character of 6w>, namely 

Ch[W')(x u x 2 , . . . ,x no ,y! • • • ,y ni ) 

= tr6» W '(diag(xi,x 2 , . . . , x no ), diag(yi, y 2 , . . . ,2/nJ)- 

The following theorem determines the supercentralizer of ^(Bk) in End(H^) and 
describes the characters of simple U no © U ni -modules appearing in W. 

Theorem 4.1. (1) The two superalgebras ^(Bk) andU no ®U ni act on W as the 
mutual supercentralizers of each other. 

( 4 - 4 ) End e ( ^ nW „ l) (^) = End *0 fc )(^) = (^o ©W ni ). 

(2) T/ie simp/e B k -module W Xtfl ((A, /i) G (DP 2 ) k ) occurs in W if and only if 
1(A) < n and Z(/x) < m. Moreover we have 

(\^)€(DP 2 ) k 
l(\)<no,l(fi)<ni 

where denotes a simple U nQ ®U ni -module. 

(3) We have U\ „ - 7 . U\oJJa, where U\ (resp. ?7„) denotes the simpleU n 

(resp. U no )-module corresponding to the simple B\\\ (resp. B^^) -module W\ (resp. 
W^) in Sergeev's duality (cf. Theorem A). 

(4) The character values of Ch\U\^\ are given as follows : 

(4.6) 

Chp7 A ,„](si 

= (v^^-'W-'MQaOc!, x 2 , . . . , x^QpfaM, . . . ,y„J 

where d: (DP 2 ) k — ► Z 2 denotes a map defined by d(X, fi) = (resp. d(A, fi) = 1) z/ 
/(A) + /(/i) is ewen (resp. 1(A) + l(n) is odd). 

Proof. First we will show the second equality of (4.4). Then the first equality 
also follows from the double supercentralizer theorem (abbreviated as DSCT) for 
semisimple superalgebras (cf. [11, Th. 2.1]). 

By Theorem A, (1), we have End^^gj) (W) D Q(U no <k>U ni ), since Q(U no (g>U ni ) 
is a subsuperalgebra of Q(U n ). Hence Q(X © Y) commutes with 'I' ($(£>&)) for any 
X G q(n ), 1" G q(ni). By direct calculations, it can be shown that Q(X ®Y) and 
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^(1(8t') also commute. Since B k is generated as an algebra by the i?(rj), 1 < i < k, 
the i?(crj), 1 < j < k - 1, and 1 (8 r', we have End^^ (W) D G(^„ n ®U ni ). We 
need only to show that 

(4.7) End^ fc) (W)c6(W no ®W ni ). 

We have End^ ( ^ fc) (W) C End'^, WBk ^(W) = Q(U n ) by Theorem A, (1). It can be 
easily checked that QiU n ) C Q(n) (8 • • • <8 Q(n), where Q(n) denotes the underlying 
vectorspace of q(n) (or the superalgebra it forms), so that we have End^^ (W) C 

k 

, * > 

Q(n) (g> ■ ■ ■ (g> Q(n). We identify End(W) with End(V) <8 ■ ■ ■ <8 End(V) by defining 

the action of X x <8 X 2 <8 ■ ■ ■ <8 X k G End(V)® k on W by 
(Xi (8 X 2 (g) • • • X fc )(wi (g) t> 2 (8) • • • (8) u fc ) 

= (_ 1 )^-w+^-(w+w)+-+xr- (-+■••+— X2W2 a . . . $ Xfe Ufc 

for all homogeneous elements G End(F) and «j G V, 1 < j < /c. Define a 
representation 6>: C6 fc -»■ End((End(W)) of CG k by 

0(<7i)(Xi (8 • • • (8 X (8 X i+1 <%>■■■ ®X k ) 

= (-1)^-^+1 (X x ® •••<8X fc ) 

for 1 < i < A; — 1 and homogeneous elements Xj, 1 < j < /c, of End(y). Moreover, 
define elements Tj, 1 < i < k, of End(End(H^)) by 

T i (X 1 (8 ■ ■ ■ (8 X fc ) = Xi (8 • • • (8 QXQ <8 ■ ■ ■ <8 X fe 

for all X,- G End(y), 1 < j < k. Furthermore, put 

' «>es fc 

i=i ^ ' 

Note that, since G End (End (IF)) for all i, the factors in the definition of T com- 
mute. If / G End'^0^(W), then it follows that S(f) = f and -(IdEnd(w) 
= /, 1 < i < jfe, since 0(<r)(/) = *(?%)) o/of^a))- 1 andT;(/) = *(1<8<)o/o 
^(1 (8 t/). Therefore, any element / of End'^0^(W) can be expressed as a linear 
combination of elements of the form 



STiXi (8 ■ ■ ■ (8 X fc ) 
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with Xj G Q(n), I < j < k. Since 

T(Xi © ■ ■ ■ © X fc ) = (X x + QXiQ) © ■ ■ ■ © (X fc + QX fc Q) 

and X + QXQ belongs to Q(no) © Q(ni) for any X G Q(n), we have 

T (Q(n) © • • • © Q{n)) C (Q(n ) Q(ni)) © • • • (8) (Q(n ) Q(ni)). 
Hence it follows that 

End^ ( g fc) (W) C 5((Q(n ) © Q[n\)) © ■ ■ ■ © (Q(n ) © <9K))) . 
By induction on fc, it can be shown that 

k 

S({Q{n ) © Q(ni)) © • • • © (Q(n )®Q(n 1 )f) 

is generated as an algebra by elements of the form S(X © 1 © • • • © 1) = &(X) with 
X G q(n ) © q(ni). Therefore (4.7) follows. 

Next we will show (2) and (3) simultaneously. Since V is a sum of the natural 
representations X and Y of q(no) and q(ni) respectively: V = X © Y, where 
dimX = (no, no), dimY = (ni,ni), W can be decomposed into a sum of tensor 
powers of X and Y. Since a U no ©£/ ni -submodule of W of the form • • • ©X© Y© • • • 
is isomorphic to that of the form •••©Y©X®---,we have 

k ( k> k-k' \ e ( fcfc ') 

W -^o^, © X©.".©X©Y^^Y 
fc <=o ^ j 

Prom Theorem A, (2), we have 

AeDPfc 

i(A)<n 

^"'^^ © 

H€DP k 
i((u)<"i 

Therefore, it follows that simple £/ no © £/ ni -modules which occur in W are of the 
form U\ 6 U^, (A, /x) G (DP 2 ) k , and that 1^ ° f^u occurs in W if and only if 
/(A) < no and £(/x) < ni. By (4.4) and DSCT, W can be decomposed into a 
sum of non-isomorphic simple &k © (W no © W ni )-modules. In order to determine 
the simple £>fc-module which is paired with the simple U no © W ni -module U\ 6 f/^, 
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we consider the B k > <8> £>fc-fc'-submodule X ® ■ ■ ■ ® X ®Y ® ■ ■ ■ ®Y of W . Since 
t[ € B k >, 1 < i < k' (resp. rj G Bk-k', 1 < j < k - k'), acts on X® fc ' (resp. 
yigifc-fc -j ag i ( \ x<gik , (resp. — Idy 8 fc-fc' ), the S*/ (resp. £>fc_fc')-submodule W\ (resp. 
W M ) of X® k ' (resp. y® fc " fc ') can be regarded as a (resp. ,8fc_fc/)-module and is 
isomorphic to (resp. W^^). From (4.8), a simple £>fc-submodule of W which 

corresponds to U\ 6 [/^ contains Wa,c£ <8> W<f,^ as a (8) £>fc-fc'-submodule. This 
condition forces this simple ^-module to be isomorphic to W\ tfl . Consequently, 
the result (2) and (3) follow. 

The result (4) immediately follows from Theorem A, (3) and the fact that 

Ch[U oU'](x 1 ,...,x no ,yi,...,y ni ) 

j Ck[U] ( Xl , . . . , x no ) Ch[U'} ( yi ,...,y ni ) ifU or U' is of type M, 
= { X - Ch[?7] (xi , . . . , x no ) Ch[U'\ ( yi ,...,y ni )iiU,U> are of type Q. 

□ 

By Theorem 4.1, (3), Theorem 1.1, (1.2) and Theorem A, the simple U nQ ®U ni - 
module U\,n is of type M (resp. of type Q) if + is even (resp. odd). If 
l(X) + l(p) is odd, then fix a non-zero element u\„ of End 1 ■ (U\ t „). 

We can rewrite (4.5) using the isomorphism = X k o Va jM as /^-modules. 

We have 

w = x k o ^ o tf Ai „. 
(A )At )e(DP2) fc 

Note that, if U, V and PF are simple modules for superalgebras A, B and C 
respectively, then both (U 6 V) 6 W and U 6 (V 6 W) denote the unique (up to 
isomorphism) simple (j4<8>-B<8>C)-module occurring in (U ®V)®W = U<& (V'giW), 
so that, up to isomorphism, the operation 6 is associative. There are three cases 
where the C k <8> B' k ® iU no ® W ni )-module X k ° Vx,^ o U\ tfl is different from the 
supertensor product X k <8> V\ tlJ ® U\^. 

(1) If k is even and (A, /u) G (DP 2 ) k , then X k , V\ :ll , are of type M, Q, Q 
respectively. We have 

X k o V x ,» o U x ,„ = X k ® {V x ,„ o U x ,„) 

where V\ tfl o U\ !fJ , is one of the two eigenspaces of x\^ (g) ^a,^- 

(2) If k is odd and (A,//) G (DP 2 )^, then X fe , V^, £/ AlAt are of type Q, M, Q 
respectively. We have 

X k o Va.^ o U Xlli = {X k ® V x ,„) o C/ A , M 

where (A^ ® Vx^) o £7^ is one of the two eigenspaces of {z k <g) 1) <g) u AjAt . 

10 



(3) If k is odd and (A,//) G (DP 2 ) k , then y A>M , f/ AjAt are of type Q, Q, M 
respectively. We have 

x k o v A)At ° ^ = (x k o y^) ® f/ AAt 

where X k ° V\ tfl is one of the two eigenspaces of z k <8> %\,n- 

Put r = [k/2\ and & = V^&i-ibi G C fc for 1 < i < r. Then the *(Ci<8>l), 1 < 
i < r, are commuting involutions of *((C fc )o®l) C *((# fc )o) = End" . . •,. 
For each e = (e 1 ,...,e r ) G Z£, put iy e = {w£lf; ¥(Ci® l)(u>) = (-l) e *w (1 < 
i < r)}. Then we have W = eeZ r IF 5 . Since Q <g 1 commutes with 1 (g ^ for 

each 1 < i < r, PF £ is a £>ji, (g (W„ (g W rai )-module. 

Theorem 4.2. For eac/i £ G Z2, the submodule W £ is decomposed as a multiplicity- 
free sum of simple B' k (g (U no <&U ni ) -modules as follows: 

( 4 - 9 ) W^ B , MUnomni) V^oU^. 

In the above decomposition, the simple B' k -modules are paired with the simple U nQ ® 
U ni -modules in a bijective manner. More precisely, we have the following results. 

(1) Assume that k is even. Then the simple B' k ®(U no ®U ni ) -modules V\ tfl oU\ tll 
in W £ are all of type M. Furthermore we have 

(4.10) End^^^) = 9(B' k ), End* (i3 , ) (W £ ) = Q{U no ®U ni ). 

(2) Assume that k is odd. Then the simple B' k (g (U no ®U ni ) -modules V\ tll 6 U\ tll 
in W £ are all of type Q. Furthermore we have 

(4-11) End 0( ^ o0 ^ i} (W £ )-C l( g*(^), End^^^-CKge^®^). 

Proof For each e = ( £l , . . . , e r ) G Z r 2 , put X% = G A fc ; = (-l) £l £ (1 < 
i < r)}. Then we have X = £eZ r 

(1) Assume that k is even. Note that X k is one-dimensional. Let £ e be a base of 
namely X k = C^ £ . Since the Q are of degree 0, £ £ is a homogeneous element 
of X k . Hence we have X% ® (V^ 6 l/ Ai/i ) = B , 0(w „ o0Wrn) ^ ° ^ . 

If (A,//) G {DP 2 ) k , then we have 

A fc o F AijU o [7 A ^ = A fc ® F AiM C/ A)M =04 E ® y A)M ® C/ A)M 

= ©**®(^°E^). 
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If (A,/i) G {DP 2 ) k , then we have 

A fc o V Kfl o tf A ,„ = X{® (V\,n o 17a,/x) 

since the Q, 1 < i < r, and 1 <8> ^ ® commute. Consequently we have 

(Me(DJ«) t 

Therefore (4.9) follows. By Theorem 1.1 and (1.2), the simple modules 6 £7^ 
appearing in the above decomposition are of type M. 

First we will show the second equality in (4.10). Then the first equality follows 
from DSCT. Since W E is a B' k <8> (W„ W rai )-module, we have 

0(W no ®W ni )| w * C End^,)^). 

By DSCT, (4.9) (already proved for this case) and (4.5), we have 

dimEnd^,)^) = dimEnd^ fc) (W0 

since both equal (dim U\^) 2 + Yl ^(dim U\^) 2 . By Theorem 

(A, M )e(i?P 2 )+ ' (\,»)e(DP*)- 

4.1, (1), we have dimEnd^^^(W) = dim0(^/„ o ®U ni ). Define a linear map 

p £ : 6(W no ®W ni ) -► G(W„ ®U ni )\ W e by p £ (/) = for / G 9(W„ It is 

clear that p £ is surjective. We claim that p £ is injective. Assume that / G kerp e , 
namely = G End(M^ £ ). Since / and the £2.7-1 commute, and a subgroup 

of (Cfc) x generated by the £2,7-1, 1 < j < r, transitively act on {W 6 ' ; e' G ZJJ} as 
follows: 

^ 2 j-iW {£l '-' £r) = w {£l '-' £ i +1 '-' Sr) (1 < v j < r) 

it follows that f\ wc > =0 for all e' G Z^. Therefore / = in End(W). Hence p e 
is injective. Consequently we have dim0(Z// no ®U ni )\w e = dimEnd^g/^l^ 6 ). It 
follows that Q(U nn ®U ni )\w^ = End^,( B ^(VF e ), as required. 

(2) Assume that k is odd. Note that X% is 2-dimensional. Then X% = C£ £ © 

If (A, /j.) G (DP 2 ) k , then Va^oA^ = Vx^C^A/. and we regard the 23£.(g)Cfc -module 

V\,n®Xk as a Cfc (g> ^-module via 0^,6' j where wc k ,B' '■ Ck®B' k — > B' k ®Ck denotes 

an isomorphism of superalgebras determined by uJc k ,B' ( a ®b) = (—l) a ' b b <g) a for 

all homogeneous elements a G and b e B' k . An isomorphism 6: Xj~ ® Va jM 
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V\,n®Xk is defined by 8(£®v) = (— l)t' v v®£, for all homogeneous elements £ G 
and f G Vx,^- Since o <g) 1) = (1 <g) o 0, we have 

where 6 ?7 AiAt denotes one of the two eigenspaces of Zk <8> w A , M . Since the ^ and 
•2fc <8> u\,fi commute, we have 

X k o U x> , = XI o l7 Ai „ 

where X^oU\ tll denotes one of the two eigenspaces of Zk\xi®u\ t(1 . Since Xf.oJJx.fi is 
aW no <g>W ni -submodule of X k 6Ux,^ = Un Wn Uf^ and dimpf£6f7 AiM ) = dim[/ A!M , 
it follows that X| o Ux,n = Uno m ni U C- 
If (A,//) G (DP 2 )^, then we have 

X fc 6 V A , M 6 U x ,„ = (X k o V x ,„) I7 A , M = (XI o Va, m ) ?7a, m 

since the Ci^ 1 < * < r 5 an d z k <8> %x,n <8> 1 commute, where X| 6 Va, m denotes 
one of the two eigenspaces of Zk\x s <8> ^a,^- Since Xjr 6 V^,^ is a £>J!,-submodule of 
Xfc 6 V x ,„ —B' k V® 2 J and dim(X£ o V x ,„) = dim V A . M , it follows that X% 6 V x ,„ —B' k 

Consequently we have 

(A )At )e(DP2) fc 

By Theorem 1.1 and (1.2), the simple modules V\ tfl <£> U x ,n appearing in the above 
decomposition are of type Q and we have Vx ttl <8> Ux,n = V\ tfl 6 Ux.fj,- Therefore, 
(4.9) and the former statement of (2) follows. 

The supercentralizer End'^^^iW 6 ) contains an invertible element \l/(£fc)evl/(Cfc). 
The subsuper algebra of End^g/^W^) generated by \P(£fc) is isomorphic to C\. By 
the arguments similar to the proof of (4.10), the result (4.11) follows from DSCT 
(cf. [11, Cor. 2.1]). □ 

Let us mention a relation between the branching rule of the q(n)-modules to 
q(no) ® q(ni) and that of the ^-modules to Bk (or that of the /^-modules to Ak)- 

If an A-module V restricts to an i?-module, we write V for this i?-module, for 
a superalgebra A and a subsuperalgebra B of A. Moreover, we write [V : U]a (or 
simply write [V : U]) for the multiplicity of a simple ^-module U in an A-module 
V. 
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Corollary 4.3. Put 



(4-13) m'* „ = [W^ W x ] (resp.fV^ |J: V x ]) . 

Then we have 



( 1 



(4.14) 



/A 

m ^ = < 



m* tV if W 7 ^ (resp. V^ v ) is of type M 

and TVx (resp. Vx) is of type Q, 
2m^ u if W^ v (resp. V^) is of type Q 

and TVx (resp. Vx) is of type M, 
v m \i,v otherwise. 



Proof. Put 

W' = W x oU x ^ Wl = Wl B ^; W * = W Cla7°lu ni \- 

Since Wi = W 2 , we have [Wi : IV'] = [W 2 : W']. Moreover, put 

^ = (w A o Ux ) ^ .f^^oyi;*"^' 

From (4.5) and (A.2), we have [Wi : W] = [W{ : W] and [W 2 : W] = [Wt, : W'\. 
Using (4.12) and (4.13), we have 



B k ®{u no ®u„ 1 ) 



\€DP k 



By (1.2), the above supertensor products (W A £/ A ) . (W Mii , 



U w) C ^ ® are sums of two copies of W{, W£, W if /(//) + 

is odd, /(A) is odd, /(A) and Z(/i) + Z(i/) are odd, respectively. Therefore we have 

c l 

[W{ : TV'] = 



[W 2 : W 



-vn x ll v if /(A) is odd and l(fi) + Z(^) is even, 
otherwise, 

-m'^ ^ if /(A) is even and + l{v) is odd, 



m 



otherwise. 



Comparing the above two equations, the result (4.14) follows. 
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Next, using (4.9) and (B.l), we consider the multiplicities of the simple Ak <8> 

(U no ®W ni )-module V\ 6 U\ „ in W £ [ Ak ® u " . and W £ f'*®^®^) 

tively. Then (4.14) similarly follows. □ 

Let il^ be the subgroup of (B' k ) x generated by —1, r', 71, . . . , 7^-1- Then iJ^ is 
a double cover (a central extension with a Z 2 kernel) of H k . Let u> K ' 1 ' denote the 
element of H' k defined by 

w K ' u = W1W2 ■ ■ ■ wiw^w'2 • • • w[, (I = /(k), I' = 
Wi = 7 a+ i7 a+2 • • • 7a+ Kl -i (a = ki H h 

= 7fe+l7b+2 • ■ • 76+^-176+^ (& = N + ^1 + • • • + Vi-l)- 

Note that the image of w K ' v in H k is a representative of the conjugacy class of H k 
indexed by (k, v). 

Define a map e: (DP 2 ) k — ► Z 2 by e(X,n) = 1 (resp. e(A, /x) = 0) if (A, /x) G 
(DP 2 ) + (resp. (A, /z) G (DP 2 )"). 

We describe a formula for character values of simple /^-modules. 

Corollary 4.4. We have 
(4.15) 



2 ( '2 ( ' p K (x,y)p u (x,-y) 



Ch[y A ,JK^)2 ^ Qx(x)Qfi(y) 

for all (k, v) G {OP 2 ) k , where p K (x,y) = p K (x 1 ,x 2 , ■ ■ ■ , 2/1, 2/2, • • • ) and p„(x,y) = 
p„(xi, X2, ■ ■ ■ , — yi, — 2/2, • • • ) and Ch[y A>M ] denotes the character of V\ tfl , namely 
Ch[V\, ll ](w) = ti(wv x ) for w £ B k where wy x denotes the action of w £ B k on 
Vx, t - ' 

Proof. By what we noted before Theorem 4.1, any B' k <8> (U no (g>£/ ni )-submodule W 
of W can be regarded as a ^-module with a commuting polynomial representation 
9w' of GL(no, C) x GL(n\, C). Here we extend our notation in Theorem 4.1 to let 
Ch[W](x <8> a) denote the trace tr(xvK' 0W"(#)) f° r x ^ &k ano ^ 5 G GL(n ,C) x 
GL(n\, C), where xvk' denotes the action of j £ SJ. on W. 

For any e, e' G Z£, we have W £ = B >® {Un %Un ) W e ' . Hence, for (/e, 1/) G (OP 2 ) fc 
and E = diag(xi, . . . ,x no ,yi, . . . ,y ni ) G GL(n,C), we have 

(4.16) Ch[W £ ] (w K ' v ®E) = 2~ r Ch[W] ((1 ® «;"•") ® E) 

where 1 <8) u^'^ G Ck <3> B' k = Bk- We calculate the right hand side using the 

embedding d: Bk £>fc (cf. (3.3)), namely l<8>7j = ^(775 ( r j — r j+i) cr j)- P ut ^' = M 

and / = Z(k). Then k — k' = Moreover put W = V® fc ' and W" = V® k ~ k ' . We 
have w K ' v = w K ^w^' v , where w^ 1 ^ G B' k ,, w^ ,l/ G B' k _ k ,. Define a representations 
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of Bk' on W (resp. a representation of Bk-k' on W") by the same manner as the 
representation ^ of Bk in W . Then the action of 1 ® u> K >* (resp. the action of 



k-k' 



1 <g) io*'") on can be expressed as (the action of 1 w K '^ on W') <8> id <8> ■ ■ ■ <8> id 

k' 



(resp. id (8) ■ ■ ■ <8) id (the action of 1 <8> ty^'" on W")). Hence we have 

Ch[W] ((1 <g> w K ' v ) <g> £7) 
(4.17) = Ch[W'] ((1 ® «;"■*) ® £) Ch[VF"] ((1 w+> v ) ® E) . 

The element 1 <8> u> K '* of is a product of k' — I elements 1 <8> jj = #(-^(rj - 
Tj + i)(Tj). This product can be rearranged into the following form: 

(constant) x (a product of the i?(t p ) — i?(t 9 )) x (a product of the #(<7j)). 

The product of the $(<7j) equals t?(<r K '*). Expanding the product of #(r p ) — i?(r q ) 
into a sum of 2 fc _i elements, we have 

k' 



1 ® = ^-L^J x ^(a product of the 0(r p )) x $(a K ^) 



where 



^ = gm---gi, 



9i = Va+lVa+2 ■ ■ -Va+Vi-l, (fit = ^ K 



i-1 



Then all terms in the summation are conjug ate to tf(o- K '*) in $((B k ) x ). Therefore 
we have 

Ch[W'} ((1 ® w K '*) ® £) = 2 fc '-'(v / 2)'" fe ' Ch[W] (i9(a K '*) ® £) 

= (v / 2) fe ' + V«(^i,^2,---,2/i,y2,---)- 

Put /' = l{y). Similarly we have 

Ch[W"} ((1 ® w*'") ® £) = 2 fc - fc, -''(V2) z, - fc+fc ' Ch[W']0V^) £7) 

= (v / 2) fc " fc ' + ''p„(a;i, x 2 , • • • , -yi, -y 2 , ■■■) 

where 

a =9i92---9v, 

i-l 

9i = cr b+1 a b+2 ■ ..a b+Vi -iT' b+Uz , (b = ^Vj). 
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By (4.16) and (4.17), we have 

Ch[W £ ] ((1 <8> w K,u ) <8> E) 

{(V2) l+l 'p K (x 1 ,x 2 , • • • ,yi,y 2 , ■ ■ ■ )Pu(xi,x 2 , • • .,-y 1 ,-y 2 , ■■■) 
if k is even, 
(V2) l+l ' +1 p K (x 1 ,x 2 , . . . ,y 1 ,y 2 ,. . . )p l/ (x 1 ,x 2 , . . . , -y u -y 2 , ...) 
if k is odd. 

On the other hand, by (4.6) and (4.9), if k is even, then we have 
Ch[ V x ^ o U X J (w^ E) 

= Yl ch[v x j(w«n 

x (V2)- e ^- l W- l MQ x (xi, x no )Q,( yi , ...,y ni ), 
and if k is odd, then we have 

Ch[ V Xill o U X J (w^ ® £) 

= V2 Yl ch[v x j(w K n 

(A, M )e(DP2) fc 

X (V^-'^-'W-'WQa^I, • • • , *„ )Q M (yi, • • • , ynj- 

Since these hold for all no and ni, the result follows. □ 

We review Stembridge's formula for the character values of simple /^-modules 
, in a form adapted to the simple modules in the Z 2 -graded sense. 

Theorem 4.5. (cf. [10, Lem. 7.5]) We have 

3(i(*)+i(-» 

2 2 p K (x)p v {y) 

S. -V -l(\)-l(u)-s(\,U, ) 

J2 Ch[V x J(w^ * Qx(x,y)Q,(x,-y) 

for all (k,u) e {OP 2 ) k , where Q x (x,y) = Qx(xi,x 2 , . . . , y u y 2 , . . . ) and Q^(x,-y) 
= Qp(x!,x 2 , . . . ,-yi,-y2, ■ ■ ■)■ 

The formula (4.15) is different from Stembridge's formula. Let us mention a 
relationship between the two formulas. Define an algebra endomorphism l of £l x ® 
n y by i(f 1) = f{x,y) = f(x 1 ,x 2 ,...,y 1 ,y 2 ,...) and t{\ ® g) = g{x,-y) = 
g(x 1 ,x 2 ,...,-y 1 ,-y 2 ,...). Note that {Q x (x, y)Q tl {x, -y) | (A,//) G (DP 2 )} is a 
basis of Q x ®ft y (cf. [10, Th. 7.1, Lem. 7.5]). It follows that i is an automorphism, 
since l(Q x (x)Q = Q x (x,y)Q^(x,-y). Moreover, since i(p r (x,y)) = 2p r (x) 
and i(p r (x, —y)) = 2p r (y) for any odd r, it follows that the image of (4.15) under 
i coincides with Stembridge's formula. 
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Appendix 



A. Sergeev's duality. We review Sergeev's duality relation between B' k and U n 
using DSCT. Define a map d: DP k -► Z 2 by d(A) = (resp. d(A) = 1) if /(A) is 
even (resp. /(A) is odd). 

Theorem A. [8] (1) The two superalgebras ^(Bk) and U n act on W as mutual 
supercentralizers of each other. 

(A.l) End e(Un) (W) = *(B k ), End nB jW) = Q(U n ). 

(2) The simple B^-module W\ (A 6 -D-Pfc) occurs in W if and only if /(A)) < n. 
TTien we /iai>e 

( A - 2 ) W © W * 6 ^ 

\€DP k 
l{X)<n 

where U\ denotes a simple U n -module corresponding to W\ in W in the sense of 
DSCT. 

(3) The character values of Ch\U\\ are given as follows: 

(A.3) Ch[U x }(x 1 ,x 2 , ...,x n ) = (V2) d ^- l ^Q x ( Xl , x 2 , x n ). 

B. A duality of Ak and q(n).. We established a duality relation between Ak 
and U n on the same space W 6 as in Theorem 4.2. 

Theorem B. [11, Th. 4.1] The submodule W £ is decomposed as a multiplicity-free 
sum of simple Ak <8> U n -modules as follows: 

W£ =A^ © V X 6U X . 

\€DP k 

(1) Assume that k is even. Then the simple Ak ®U n -modules V\ 6 U\ in W £ are 
of type M. Furthermore we have 

(B.2) End e(Un) (W*) = *(A k ), End nAk) (W*) = G(U n ). 

(2) Assume that k is odd. Then the simple Ak ®U n -modules V\ 6 U\ in W £ are 
of type Q . Furthermore we have 

(B.3) End e(Un) (W e )^C 1 ®V(A k ), End w (r)^d®e(W„). 
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